
(
I] 

i 0
 

Z
 

0
 
0
 

W
 

(
I] 

3 E 

(
I] 

W
 

E 3
 

2 



166 YAIR MUNDLAK 

I 
[I]] NWLOVB, MARC, "Notes on the Identification and Estimation of Cabb-Douglas 

Produdion Functions." Duplicated (revised M a y  18, 1959). 
[I21 SARGAN, J. D., The Estimation of Economic Relationships Using Instnunental 

Variables, Econometrics, 26, 3 (July 1958), 393-416. 
[I31 WALTERS, A. A,, "Some Notes on Simultaneous Equations and the Cobb- 

Douglas Production Function!' Series A, Report No. 17, Faculty of Commerce 
and Social Science, University of Birmingham, Birmingham, England, June 
1960. 

Returns to Scale in Electricity Supply 
MARC NERLOVE, Stanford University 

The study of returns to scale in public-utility enterprises has a long, if not 
always honorable, history. The question of whether there are increasing 
or decreasing returns to scale and over what range of output has, as we 
know, an important bearing on the institutional arrangements necessary to 
secure an optimal allocation of resources. If, as many writers in the field 
appear to believe, there are increasing returns to scale over the relevant 
range of outputs produced by utility undertakings, then these companies 
must either receive subsidies or resort to price discrimination in order to 
cover costs at socially optimal outputs. 

In addition, as Chenery [2] has pointed out, the extent of returns to 
scale is a determinant of investment policies in growing industries. If 
there are increasing returns to scale and a growing demand, firms may 
find it profitable to add more capacity than they expect to use in the 
immediate future. 

In studying the problem of returns to scale, the first question one must 
ask is "To what use are the results to be put ?" I t  is inevitable that the 
purpose of an analysis should affect its form. In particular, the reason for 
obtaining an estimate of returns to scale will'affect the lmel of the analysis: 
industry, firm, or plant. For many questions of pricing policy, for example, 
the plant is the relevant entity. On the other hand, when questions of 
taxation are at issue, the industry may be the appropriate unit of analysis. 
But if we are concerned primarily with the general question of public 
regulation and with investment decisions and the like, it would seem that the 
economically relevant entity is the firm. Firms, not plants are regulated, and 
it is at the level of the firm that investment decisions are made. 

The U.S. electric power industry is a regulated public utility. Privately 

I am indebted for a great deal of helpful advice to I. Adelman, K. J. Arrow, A. R. Ferguson, 
W. R. Hughes, S. H. Nerlove. P. A. Samuelson, and H. Uzawa. Had I been able to take all 
the advlce I received, perhaps I could lay a part of the blame for the deficiencies of this paper 
on these people. The situation, however, is otherwise. 

Support, in part, for the research on which this paper is based has been received fmm the 
Department of Economics, University of Minnesota, and under a grant from the Rockefeller 
Foundation at Stanford University. Stenographic assistance was received fmm the Office 
of Naval Research under Contract Nonr-225(5O). 

I wish also to acknowledge the help of M.S. Arora, G. Fishman, I. Johnston, H. Kanemitsu, 
and N. K. Rao, who performed the computations on uihich this paper is based. 
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owned firms, with which I am exclusively concerned in this study, account 
for nearly 80 per cent of all power produced. The technological and insti- 
tutional characteristics of the electric power industry that are important for 
the model I shall develop are as follows: 

1. Power cannot be economically stored in large quantities and, with 
few exceptions, must be supplied on demand. 

2. Revenues from the sale of power by private companies depend 
primarily on rates set by utility commissions and other regulatory 
bodies. 

3. Much of the fuel used in power production is purchased under 
long-term contracts at  set prices. The  level of prices is determined 
in competition with other uses. 

4. The  industry is heavily unionized, and wage rates are also set by 
contracts that extend over a period of time. Over long periods, wages 
appear to be determined competitively. 

5. The capital' market in which utilities seek funds for expansion is 
highly competitive and the rates at which individual utilities can 
borrow funds are little affected by individual actions over. a wide 
range. Construction costs vary geographically and also appear to be 
unaffected by an individual utility's actions. 

From these characteristics we may draw two conclusions, which lead 
to the model presented below. First, it is plausible to regard the output 
of a firm and the prices it pays for factors of production as exogenous, 
despite the fact that the industry does not operate in perfectly competitive 
markets. Second, the problem of the individual firm in the industry would 
appear to be that of minimizing the total costs of production of a given 
output, subject to the production function and the prices it must pay for 
factors of production. I shall adopt this last conclusion in what follows, 
although it is subject to some qualifications. 

There are two basic objections to the cost-minimization hypothesis. 
First, rates in theindustry are governed by a "cost plus" principle designed 
to secure investors "a fair return on fair value" (whatever that may mean). 
Although the application of this principle is a complicated matter in 
practice, it is clear that if a utility minimizes costs too much, i.e., decreases 
its costs to such an extent that, under the current rate structure, it obtains a 
substantial increment in earnings, the regulatory body may initiate an 
investigation and wipe out the increment through a decrease in rates. My 
impression, however, is that most utilities operate at a considerable distance 
from this "danger point." 

A second objection to the cost-minimization hypothesis is that it is 
implicitly static; i.e., it does not reflect the fact that utilities are less con- 
cerned with cost minimization at apoint in time than they are with minimi- 
zation over time. In a dynamic formulation capital costs may be particularly 

I 
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affected. However, two contrary tendencies seem to exist: On the one hand, 
a steady rate of technological improvement has been experienced and may 
be expected to continue in this industry; thus, it is advantageons to postpone 
investment commitments. On the other hand, if there are increasing 
returns to scale, the steady growth in demand might be expected, d: la 
Chenery [2],  to lead to capital expenditures in excess of current needs. 
This tendency to over-capitalization may be aided and abetted by rate 
commissions, which are often indlined to support it after the fact through 
an increase in rates. 

\ A related objection has been raised by William Hughes. He pointed 
out, in effect, that the existence of several power pools among companies 
treated separately in my analysis means that the outputs of such companies 
may not be truly exogenous as I have assumed. 

Previous empirical investigations that have a bearing on returns to 
scale in electricity supply are those of Johnston [lo, pp. 44-73], Komiya [I I], 
Lomax [12], and Nordin [16]. All of these are concerned with returns to 
scale at the level of the plant, not the firm, and present evidence which 
suggests that there are increasing or constant returns to scale in the pro- 
duction of electricity. I t  is shown in Appendix A, however, that because of 
transmission losses and the expenses of maintaining and operating an 
extensive transmission network, a firm may operate a number of plants 
at outputs in the range of increasing returns to scale and yet be in the region 
of decreasing returns when considered as a unit. Although firms as a 
whole have been treated in this investigation, the problem of transmission 
and its effects on returns to scale has not been incorporated in the analysis, 
which relates only to theproduction of electricity. The results of this analysis 
are in agreement with those of previous investigators and suggest that the 
bulk of privately owned U.S. utilities operate in the region of increasing 
returns to scale, as is generally believed. Nevertheless, the results also 
suggest that the extent of returns to scale at the firm level is overestimated 
by analyses that deal with individual plants. 

As indicated in Table 1, the production of electric power is carried out in 
three main ways: 

1. By internal combustion engines. This method accounts for a negligible 
fraction of the power produced. 

2: By hydroelectric installations. This method accounts for about one- 
third of all U.S. power production. 

3. By steam-driven installations. This method accounts for the remaining 
two-thirds of U.S. power production. 

Few firms rely solely on hydroelectric production because of the unre- 
liability of supply. Furthermore, suitable sites for hydroelectric installa- 
tions are rather limited and, except for those sites requiring an immense 
capital investment, almost fully exploited. Because of the great qualitative 
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difference between steam and hydraulic production of electricity, this 
analysis is limited to steam generation. Since the variable costs of hydro- 
electric production are extremely low and it appears that firms fully exploit 
these possibilities, neglect of hydraulic generation should little affect the 
results on returns to scale. 

The costs of steam-electric generation consist of (a) energy costs, and (b) 
capacity costs. The former consist mainly of the costs of fuel, of which coal 
is the principal one (see Table 2). Energy costs tend to vary with total 
output, and depend little on the distribution of demand through time. 
Capacity costs include interest, depreciation, maintenance, and most labor 
costs; these costs tend to vary, not with total output, but with the maximum 
anticipated demand for power (i.e., the peak load). Unfortunately, available 
data do not permit an adequate treatment of the peak-load dimension of 
output, hence it has been neglected in this study. 

Even if the temporal distribution of demand does not differ systemat- 
ically from one size firm to another, however, the results may be affected. 
A large firm with many plants and operating over a wide area has a greater 

TABLE 1 

Pen C m  OF TOTAL KILOWATT-HOURS PRODUCED 
BY TYPE OF PLANT, 193W1950, U.S. 

Steam Generating Hydroelectric Internal Combustion 
Year Plants Installations Engines 

TABLE 2 

PER CENT OF TOTAL STEAM-ELECTRIC GENERATION (KWH) 
BY Type OF FUEL, 1930--1950, U.S. 

Year 1 coal I oil i Gas 

Source: R. E. Caywood, Electric Utility Rote Economics. New York: McGraw-Hill, 1956. 

- ..... ~~~ ~ ~ ~~ ~ .~ ~~ ~~ ~ ~ ~ 

diversity of customers; hence, a large firm is more likely to have a peak load 
that is a small percentage of output tban a small firm. I t  follows that 
capacity costs per unit of output tend to be less for larger firms. But this is a 
real economy of scale, and one reason for looking at firms rather than plants 
is precisely to take account of such phenomena. Of course, explicit intro- 
duction of peak-load characteristics would be better tban the implicit 
account that is taken here. 

1. The Model Used 

As indicated, the characteristics of the electric power industry suggest 
that a plausible model of behavior is cost minimization, and that output 
and factor prices may be treated as exogenous. This suggests that traditional 
estimation of a production function from cross-section data on inputs and 
output is incorrect; fortunately, it also suggests a correct procedure. Let 

c = total production costs, 

y = output (measured in kwh), 

x, = labor input, 

x, = capital input, 

x3 = fuel input, 

p,  = wage rate, 

p, = "price" of capital, 

p, = price of fuel, 

u = a residual expressing neutral variations in efficiency among firms. 

Suppose that firms have production functions of a generalized Cobb- 
Douglas type: 

(1) y = a xn~x'rx'ru . 
0 1  e s 

Minimization of costs, 

(2) c =PI*, + Pzrz + Pzra . 
implies the familiar marginal productivity conditions: 
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If the efficiency of firms varies neutrally,' as indicated by the error term in 
(I), and the prices paid for factors vary from firm to firm, then the levels 
of input are not determined independently but are determined jointly by the 
firm's efficiency, level of output, and the factor prices it must pay. I n  
short, a fitted relationship between inputs and output is a confluent relation 
that does not describe the production function at all but only the net 
effects of differences among firms. (For a more general discussion, see 
tl3, 151.) 

In  such cases, however, it may be possible to fit the reduced form of a 
system of structural relations such as (1) and (3) and to derive estimates of 
the structural parameters from estimates of the reduced-form parameters. 
Not only does it turn out to be podsible in this case, but an important 
reduced form turns out to be the cost function: 

(4) c = k y l l ~ p ~ l ~ p ~ l ~ p ~ i r  o , 

where 
k = r(aoapa>a2)-'l' , 

9 = u-'/- 

and 
r = a , + a , + a , .  

The parameter r measures the degree of returns to scale. The fundamental 
duality between cost and production functions, demonstrated by Shephard 
[17], assures us that the relation between the cost function, obtained 
empirically, and the underlying production function is unique.% Under the 
cost minimization assumption, they are simply two different, but equivalent 
ways of looking at the same thing. 

Note that the cost function must include factor prices if the corre- 
spondence is to be unique. The problem of changing (over time) or differing 
(in a cross section) factor prices is an old one in statistical cost analysis; see 
[lo, pp. 170-761. Most generally, it seems to have been handled by 
deflating cost figures by an index of factor prices, a procedure that 
Johnston [lo] shows typically leads to bias in the estimation of the cost 

A model incorporating non-neutral variations in efficiency of the form 

y = (o.u.)x","xpxy 

was discuesed in my paper "On Measurement of Relative Economic Efficiency," abstract, 
Econometrico, 28  (July 1960), 695. It is interesting to note that despite the comple* way in 
which the random elements u,, u,, and u, enter, there are circumstances under which it is 
possible to estimate the parameters in such a production function. 

I owe this point to Hirofumi Uzaws. It is true, of course, only if all firms have the same 
production function, except perhaps for differences in the constant term, so that aggregation 
difficulties may be neglected. 
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curve unless correct weights, which depend on (unknown) parameters of 
the production function, are used. I t  seems strange that no one has taken 
the obvious step of including factor prices direct& in the cost junction. If 
price data are available for the construction of an index and prices do not 
move proportionately, in which case no bias would result from deflation, 
why not use the extra information afforded? 

What form of production function is appropriate for electric power? 
The generalized Cobb-Douglas function presented above is attractive 
for two reasons: First, it leads to a cost function that is linear in the 
logarithms of the variables 

where capital letters denote logaiithms of the corresponding lower-case 
letters. The linearity of (5) makes it especially easy to estimate. Second, a 
single estimate of returns to scale is possible (it is the reciprocal of the 
coefficient of the logarithm of output), and returns to scale do not depend 
on output or factor prices. (The last-mentioned advantage turns out to be a 
defect as we shall see when we come to examine a few statistical results.) 
But does such a function accurately characterize the conditions of pro- 
duction in the electric power industry ? 

A casual examination of trade publications suggests that once a plant is 
built, fixed proportions are more nearly the rule. Support for this view is 
given by Komiya [Ill, who found that data on inputs and output for 
individual plants were better approximated by a fixed-proportions model 
that allowed differences in the proportions due to scale. A simplified version 
of Komiya's model is3 

"1 = qybl ,  

( 6 )  xa = a,yb, 

x3 = a3yba. 

At the firm level, however, there are many possibilities for substitution that 
may go unnoticed at the plant level; for example, labor and fuel may be 
substituted for capital by using older, less efficient plants more intensively 
or by using a large number of small plants rather than a few large ones. 

a Since y is exogenous, it would be appropriate to estimate the coefficients in (6) by least 
squares. An objection to this, however, is the fact that, if individual plants are considered, 
the output allocated to each is not exogenous; see Westfield [19, pp. 15-81). Furthermore, 
Komiya does not use output but name-plate rated capacity and input levels adjusted to full 
capacity operation. It is evenmore doubtful whether the former can he considered as exogenous 
in a cross section. My objection here is closely related to the one raised by Hughes (see p. 
169); however, while the endogenicity of output at the plant level is clear, its endogenicity 
at the firm level for a member of a power pool is conjectural. 
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Given persistent differences in the factor prices paid by different firms, 
cross-section data should reflect such possibilities of substitution. Certainly, 
as a provisional hypothesis, a generalized Cobh-Douglas function may he 
appropriate. 

It would, of course, be preferable to test whether significant substitution 
among factors occurs at the firm level. The  use of the generalized Cobb- 
Douglas unfortunately does not permit us to do so except in a very general 
way, since its form implies that the elasticity of substitution between any 
pair of factors is one. A more general form, which has both the Cobb- 
Douglas and fixed coefficients as limiting cases, has recently been sug- 
gested by Arrow, Minhas, Chenery, and Solow [I]. Constant returns to 
scale are assumed, but the form can be easily generalized; in a more 
general form it is 

I n  this case returns to scale are given by the ratio blf and the elasticity of 
substitution between any pair of factors can be shown to be 1/(1 - b). 
I n  the special case in which b = f i t  can be shown that the limiting form of 
(7) as the elasticity of substitution goes to zero is 

(8) y = min XI x, xz 
[(a, + a, + - 1 '(a, + aa + as)'/b - 1 ' (a, f a ,  + a,)x~a - 1 1 , 

or fixed coefficients, and the limiting form as the elasticity of substitution 
goes to one is 

(9)  y = (a, + a, + o , ) ~ l b x ~ l ~ ~ ~ + ~ ~ + ~ ~ l ~ ~ ~ l ~ ~ , + ~ ~ + ~ ~ l ~ ~ ~ ~ ~ ~ , + a ~ + ~ ~ ~  

or Cobb-Douglas. Although I have not formally demonstrated the fact, 
it is possible that the limiting form of the more general case (7) is 
something like the Komiya model as the elasticity of substitution tends to 
zero, and like the generalized Cobb-Douglas as it tends to one. 

Unfortunately, in its generalized form (7) is quite difficult to estimate 
from the data available. Furthermore, although clearly superior to the 
generalized Cobb-Douglas form, (7) still implies that the elasticity of 
substitution between any pair of factors (e.g., labor capital and fuel capital) 
is the same, which hardly seems reasonable. Other generalizations are 
possible, but none that I have found thus far offers much hope of being 
amenable to a reasonable estimation procedure. 

If the generalized Cobb-Douglas form is adopted, however, relatively 
simple estimation procedures can be devised for c\.aluating the par:tmcters~)f 
rbe ~roduct ior~ furiction. The reduced form of ( 1 )  and ( 3 )  that incornorares all ~, ~, 
bntbne of the restrictions on the parameters in the derived demandAequations 
(which are the more usual reduced form) is nothing but the cost function. 
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The only restriction not incorporated in (4) or (5) is that the coefficients of the 
prices must add up to one. I t  is a simple matter to incorporate this restric- 
tion, however, by dividing costs and two of the prices by the remaining 
price (it doesn't matter either economically or statistically which price we 
choose). When fuel price is used as the divisor, the result is 

which will be called Model A. 
Model A assumes that we have relevant data on the "price" of capital 

and that this price varies significantly from firm to firm. If neither is the 
, case, we are in  trouble. Most of the results presented here are based on 

Model A, but the data used for this price of capital are clearly inadequate. 
(See Appendix B.) If one supposes, however, that the price of capital is the 
same for all firms, which is not implausible, one can do without data on 
capital price and use the restriction on the coefficients of output and prices 1 to estimate the elasticity of output with respect to capital input. The 
assumption that capital price is the same for all firms implies 

(11) 
1 c = K ' + - Y + % P , + : P ~ + v ,  r 

where K' = K + (aa/r)Pa, since the exponents of the input levels in (1) 
are assumed to be the same for all firms. Equation (11) is called Model B. 

2. S o m e  Statist ical  Results a n d  The i r  Interpreta t ion 

Estimation of Model A from a cross section of firms requires that we 
obtain data on production costs, total physical output, and the prices of 
labor, capital, and fuel for each firm; for Model B we do not need the 
price of capital, since it is assumed to be the same for all firms. Details of 
the construction of these data for a sample of 145 privately owned utilities 
in 1955 are given in Appendix B and are not discussed here at any length. 
Suffice it to say that these data are far from adequate for the purpose, 
and I now believe that a better job could have been done with other sources. 

The results from the least-squares regression suggested by equation 
(10) are given in line I of Table 3;  the interpretation of these results in 
terms of the parameters of the production function is given in line I of 
Table 4. The Rais 0.93, which is somewhat unusual for such a large number 
of observations; increasing returns to scale are indicated, and the elastic- 
ities of output with respect to labor and fuel have the right sign and are 
of plausible magnitude; however, the elasticity of output with respect to 
capital price has the wrong sign (fortunately, i t  is statistically insignificant). 
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TABLE 3 

RESULTS FROM RBOFCESSIONS  BAS^ ON MODEL A FOR 145 FIRMS IN 1955 

Coefficient 

IV. 1 I O N  1 (1.169) 
~p~~ ~ -~ ~ - 

Figures in parentheses are the standard errors of the coefficients 

The dependent variable in all analyses was C - P,. 
The variables are defined as follows: 

R' 

0.931 

No. 

I 

c = log costs Y = log output P, = log wage rate P, = log capital "price" 

output 1955 - output 1954 
Pa = log fuel price 

x = ( output 1954 1 ' 

Y 

0.721 
(f ,175) 
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TABLE 4 

k .TUBXs  TO SCALE AND ELASTICITIES OF OUTPUT WITH RESPECT TO VARIOUS INPUTS DERIVED 
FnOM RESULTS PR~SENTED IN TABLE 3 FOR 145 FIRMS IN 1955 

Elasticity of Output with Respect to 

No. Labor 1 Capital 1 Fuel 
PI - Ps 

0.562 
(1.198) 

IVn 2.52 1.10 0.25 1.17 

IVB 1.53 0.65 0.15 0.73 

IVC 1.14 / 0.50 0.11 1 0.53 

P. - P8 

-0.003 
(f ,192) 

IVD / 1.10 / 0.48 0.11 / 0.51 

z 

- 

The difficulties with capital may be due in part to the difficulty I encoun- 
tered in measuring both capital costs and the price of capital. The former 
were measured as depreciation charges plus the proportion of interest on 
long-term debt attributable to the production plant; the figure for capital 
price was compounded of the yield on the firm's long-term debt and an 
index of construction costs. Depreciation figures reflect past prices and 
purchases of capital equipment, whereas the price of capital as I constructed 
it does not; it is perhaps not so surprising then that the price has little 
effect on costs. Model B is designed to evade this difficulty. Results based 
on Model B are presented in line V of Table 5 and the implications of this 
regression for the parameters in the production function are given in line V 
of Table 6. I t  is apparent that the estimates of returns to scale and the 
elasticities of output with respect to labor and fuel are changed very little; 
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TABLE 5 

I Coefficient I 
Regression I---; 

No. I '''1 I P, 

Figures in parentheses are the standard errors of the coefficients 

TABLE 6 

Rmums TO SCALE AND ELASTICITIPS OF OUTPUT WITH RESPECT TO VARIOUS INPUTS DERIVED 
FROM RESULTS PRUSENTED IN  TABLE 5 FOR 145 F~RMS IN 1955. 

LOG OUTPUT 

Regression 
No. 

V 

the elasticity with respect to capital is of the right sign but still unreasonably 
low for an industry that is so capital-intensive.4 

A second difficulty with these regressions is not apparent from an 
examination of the coefficients and their standard errors. As part of these 
analyses, the residuals from the regressions were plotted against the 
logarithm of output. The result is schematically pictured in Fig. 1. I t  is 
clear that neither regression relationship is truly linear in logarithms. T o  
test this visual impression the observations were arranged in order of 
ascending output, and Durbin-Watson statistics were comouted: the 

Returns to 
Scale 

1.38 

values of the statistics indicated highly significant positive serial correlation, 
which confirmed the visual evidence. 

Aside from difficulties with the basic data, there appear to be at least two 
plausible and interesting hypotheses accounting for the result. 

X. Arrow has pointed out that considerations of plausibiliq implicitly involve an 
alternative method of estimating the coefficients in the production function: From the 
marginal productivity conditions (3), we find that for any pair of inputs i and j, 

P,X' 0' -=-. 
~ ~ 5 ,  0,  

Hence, by constructing some average of the ratios of expenditures on factors, we obtain 
estimates of the ratios of exponents in the production function. Had the data been arranged 
in such a manner as to facilitate computation of expendihlres on individual factors, a 
comparison of the ratios odoi obtained in this way with those derived from the cost function 
would have been a useful supplement to the analysis. Arrow also pointed out that one could 
also verify the results by the fit of the production function derived from them. Unforhmately, 
it is not feasible to obtain good physical measures of the inputs, end such measures are 
required far this test. 

Elasticity of Output with Respect to 

Labor Capital 1 Fuel 

0.67 1 0.03 0.69 
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t 

OUTPUT 

FIO. 2 

1. The  first explanation of the result derives from dynamic considerations 
closely relqted to those underlying Friedman's Permanent-Income Hypoth- 
esis [7]. The important thing to note is that actual costs are under- 
estimated by the regressions at both high and low outputs. Consider the 
situation pictured in Fig. 2. Firms operate not on the long-run cost curve, 
but at points on the various short-run curves. If firms are evenly distributed 
about their optimal outputs (i.e., outputs at which long-run marginal 
cost equals short-run marginal cost), the effect will be to increase the 
estimate of the extent of increasing returns to scale if they are increasing, 
or diminish further the estimate of returns to scale if they are decrea~ing.~ 
But elsewhere Friedman holds that a uniform distribution is not likely to 
occur; in fact he says, "The firms with the largest output are unlikely to 
be producing at an unusually low level: on the average they are likely to 
be producing at an unusually high level; and conversely for those that 
have the lowest output" [14, p. 2371. 

The situation described by Friedman is pictured in Fig. 2 by the shaded 
areas A, B, and C, which refer, respectively, to observations on firms with 
unusually low, usual, and unusually high outputs. The Friedman explana- 

This argument rests partly on the form of the function that constrains it to pass through 
the origin. 
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tion does produce a residual pattern similar to that observed. Regression 11, 
Table 3, is designed to test this explanation for Model A. A corresponding 
test for Model B was not made. Since "usual" output cannot be directly 
observed, the hypothesis was modified slightly by identifying departure 
from the usual with large changes in output from the previous year, the 
assumption being that firms with stable output were likely to be near the 
optimal long-run o u t p ~ t . ~  Thus, the absolute percentage changes in output 
should be positively related to total costs. Unfortunately, they are negatively 
related and significantly so. 

Part of the explanation for this unexpected result is suggested by a 
more careful examination of the data. Almost all firms with large changes 
had positive changes and had been experiencing rapid growth for some 
time. I t  is well known, though unfortunately not taken into account in 
these analyses, that there is a steady rate of technological progress in 
generating equipment. Since expanding firms purchase new equipment in 
the process, the average age of a plant in those firms experiencing large 
changes in output is lower than that of firms with more stable outputs. 
Hence, the former tend to have lower costs because of the inadequacy 
of the capital-cost data to reflect obsole~cence.~ Thus, while one would 
not wznt to reject the Friedman hypothesis on the basis of this evidence, 
it clearly does not explain the residual pattern. 

2. Fortunately, the observed result can be explained by a much simpler 
hypothesis, namely, that the degree of returns to scale is not independent 
of output, but varies inversely with it. Figure 3 illustrates this explanation: 
The solid line gives the traditional form of the total cost function, which 
shows increasing returns at low outputs and decreasing returns at high 
outputs. If we try to fit a function for which returns to scale are independent 
of the level of output, e.g., one linear in logarithms, a curve such as the 
dashed one will be obtained. The shaded areas A and B show the output 
ranges, high and low, for which total costs are underestimated. 

Capacity figures might have been used. However, those available appear to be somewhat 
unrealistic. These are based on generator name-plate ratings, which refer to the maximum 
output that can be produced without overheating. According to the Federal Power Com- 
mission, however, units of the same size, general design, and actual capability may show 
as much as a 20 per cent difference in rating [5,  p. xi]. Furthermore, in a multiple-plant 
firm, total generator capacity is not the only factor to be considered, Such defects in the 
capacity figvres also led to grouping firms by output rather than by capacity in the analyses 
of covariance oresented below. 

'Treatment of capital costs is the source of one of the most serious shortcomings of the 
present study, as indeed capital measurement is in most studies of production. Solow's recent 
contribution to the studyof the aggregate production function[l81 offers considerable promise - ~ 

of an appropriate measure of capital used in the production of electric power. I hope, in 
future work, to make m e  of a model of production that involves fixed coefficients ex port at 
the plant level, but that permirs substitution of inputs and that change* over time er once. 
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OUTPUT 

Frc. 3 

If the true cost function is not linear in logarithms, we can either fit an 
over-all function that reflects this fact or attempt to approximate the 
actual function by a series of segments of functions linear in logarithms. 
Because of fitting difficulties and the problem of determining the form in 
which factor prices enter the cost function, I initially chose the latter 
course. Firms, arrayed in order of ascending output, were divided into 
5 groups containing 29 observations each. A list of the firms used in the 
analysis appears in Appendix C. The results of fitting five separate regres- 1 

sions of the form indicated by Model A are given in lines IIIA through 
IIIE of Table 3 and the corresponding implications for the parameters in the 
production function in lines IIIA through IIIE of Table 4. Similar results 
for regressions of the form indicated by Model B are presented in lines 
VIA through VIE of Tables 5 and 6. 

The results of these regressions with respect to returns to scale are 
appealing: Except for statistically insignificant reversal between groups C 

and D, returns to scale diminish steadily, falling from a high of better than 
2.5 to a low of slightly less than 1, which indicates increasing returns at a 
diminishing rate for all except the largest firms in the sample. However, in 
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the case of regressions 111, the elasticity of output with respect to capital 
price behaves very erratically from group to group and has the wrong sign 
in groups A and E;  in regressions VI the elasticity of output behaves 
erratically, both with respect to labor and with respect to capital, having 
the wrong sign in groups B and c for the former and in group D for the 
latter. 

Analyses of covariance for regressions 111 and VI, compared with the 
over-all regressions I and V, respectively, gave F-ratios of 1.569 and 1.791 
in that order. With 141 and 125 degrees of freedom, these ratios are 
significant at better than the 99 per cent level. Thus, breaking the sample 
into five groups significantly reduces the residual variance. However, 
because of the erratic behavior of the coefficients of independent variables 
other than output, it appears that we may have gone too far. Regressions 111 
and VI are based on the assumption that aN coefficients differ from group to 
group. Economically, this may be interpreted as the hypothesis of non- 
neuiral variations in re turn  to scale; i.e., scale affects not only returns to 
scale but also marginal rates of substitution. 

A halfway house between the hypothesis of no variation in returns 
to scale with output level and the hypothesis of non-neutral variations 
in scale is the hypothesis of neutral variations in returns to scale. A general 
test of this hypothesis is equivalent to testing the hypothesis that the 
coefficients for the various prices in the individual group regressions arethe 
same for all groups while allowing the constant terms and the coefficients of 
output to differ.8 The hypothesis of neutral variations in returns to scale 
is tested in this way only in the context of Model A. The regression results 
are presented in lines IVA through IVE of Table 3 and their implications 
for the production function in Table 4. An analysis of covariance comparing 
regressions 111 andIV gives an F-ratio of 1.576. With 133 and 125 degrees of 
freedom, a ratio this high is significant at better than the 99 per cent level; 
hence, we cannot confidently reject the hypothesis of non-neutral variations 
in returns to scale on statistical grounds alone with this test. Examining the 
results derived from regressions IV, however, we find that the degree of 
returns to scale steadily declines with output until, for the group con- 
sisting of firms with the largest outputs, we find some evidence of dimin- 
ishing returns to scale.9 Furthermore, the elasticities of output with 

For s generalized Cobb-Douglas the marginal rate of substitution between xi and x, is 

Hence, if the ratio of o, to returns to scale, r, is restricted to be the same for each output 
group, the marginal rates of substitution will be invariant with respect to output level at 
each given factor ratio. 

Note, however, that the estimated value is insignificantly different from one, so that we 
cannot reject the hypothesis of constant returns to scale for this group of firms. 
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respect to the various input levels are all of the correct sign and of reason- 
able magnitude, although I still feel that the elasticity with respect to 
capital is implausibly low.l0 Thus, on economic grounds, one might ten- 
tatively accept the hypothesis of neutral variations in returns to scale. 

If one accepts the hypothesis of neutral variations in returns to scale, a 
somewhat more refined analysis is possible, since we may then treat the 
degree of returns to scale as a continuous function of output. That is, 
instead of grouping the firms as we did previously, we estimate a cost 
function of the form 

where r (Y) ,  the degree of returns to scale, is a function of the output 
level. Since neutral variations in returns to scale are assumed, the coeffi- 
cients of the prices are unaffected. A preliminary graphical analysis 
indicated that returns to scale as a continuous function of output might be 
approximated by a function of the form 

~ h u s ,  instead of regressions of the form suggested by (10) or ( l l ) ,  we fit 

(Model C) 
and 

(Model D). 
The results obtained for regressions based on Model C and Model D 

are reported in Table 7 for regressions VII and VIII, respectively. The 
implications of these results for the production function are given in 
Table 8. Note that returns to scale and the other parameters have been 
computed at five output levels only, so that the results in Table 8 may be 
readily compared with those in  Tables 4 and 6. 

Perhaps the most striking result of the assumption of continuously 
and neutrally variable returns to scale of the form suggested in (13) is 
the substantial increase in our estimate of the degree of returns to scale 
for firms in the three largest size groups. Whereas before, we found nearly 

lo See p. 179. 
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TABLE 7 

Model C: Dependent Variable Was C - Ps 

Regression No. 1 Coefficient 

VII I y Y2 PI - P, P, - P, 1 
0.151 0.117 0.498 0.062 0.958 
(f .062) (f ,012) ( i . 161 )  (+.151) 

Model D: Dependem Variable Was C 

Regression No. 1 Coefficient 

VIII I y Y' PI pa I 

Figures in parentheses are the standard errors of the coefficients. 

constant returns to scale, it now appears that they are increasing." In  
addition, all the coefficients in both analyses are of the right sign, and the 

I results based on Model D yield results of plausible magnitude for the 
elasticity of output with respect to capital as compared with the elasticities 
with respect to labor and fuel. Analyses of covariance, comparing regres- 
sions VII and I with regressions VIII and V, yield F-ratios of 1.631 and 
9.457, respectively; both are highly significant, with 141 and 140 degrees of 
freedom. A comparison of regression VII with regression 111 yields an 

1 
F-ratio of 1.032, which, though not significant, does suggest that neutral 
variations in returns to scale of the form used are indistinguishable from 
non-neutral. Hence the hypothesis of neutral variations in returns to scale 
may be accepted both on economic grounds and on grounds of simplicity. 

" Using the variance-covariance matrix for the coefficients in (14) or (1% one could easily 
compute, for a given y, a conditional standard error for l/r, whith could then be used to 
test whether l / r  were significantly less than one (i.e., whether the finding of increasing returns 
was ~t~t is t i~al ly  significant). Unfortunately, the regression program used did not print out 
the invwse of the moment matrix, so this test could not be made. But there is little doubt, 
in view of the extremely small standard errors of the estimated u snd 8, that such a test would 
have shown the increasing returns found to be statistically significant. 
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TABLE 8 
RETURNS TO SCALE AND ELASTICITIES OF OUTPUT WITH ~ P E C T  TO VARIOUS ~NPUTS DERIVED 

FROM RESULTS PRESENTED IN TABLE 7 FOR 145 FIRMS IN 1955 

Regression VII (Model C) 

Group 

A 

I I I I 

'Evaluated at the median output for each group. 

Regression VIII (Model D) 

3. Conclusions a n d  Prospects 

The major substantive conclusions of this paper are that 
1. There is evidence of a marked degree of increasing returns to scale 

at the firm level; but the degree of returns to scale varies inversely with 
output and is considerably less, especially for large firms, than that previ- 
ously estimated for individual plants. 

2. Variation in returns to scale may well be neutral in character; i.e., 
although the scale of operation affects the degree of returns to scale, it may 

Returns 
to 

Scalea 

2.92 

Croup 

A 

B 

C 

D 

not affect the marginal rates of substitution between different factors of 
production for given factor ratios. 

These substantative conclusions derive from two .conclusions of method- 
ological interest: 

Elasticity of Output with Respect tos 
- 

Labor Capital Fuel 

1.45 1 0.18 I 2 9  

1. The appropriate model at  the firm level is a statistical cost function 
which includes factor prices and which is uniquely related to the under- 
lying production function. 

2. At the firm level it is appropriate to assume a production function 
that allows substitution among factors of production. When a statistical 
cost function based on a generalized Cobb-Douglas production function is 
fitted to cross-section data on individual firms, there is evidence of such 
substitution possibilities. 

Inadequacies in the estimation of capital costs and prices and in the 
treatment of transmission suggest, however, that a less aggregative approach 
is called for. On a less aggregative level, i t  may be possible to produce more 
adequate measures of capital and to introduce transmission explicitly. A 
simple model of optimal behavior on the part of the firm may then allow 
us to combine this information in a way that will yield more meaningful 
results on returns to scale at the firm level. 

Returns 
to 

Scalea 

3.03 

2.30 

2.01 

1.88 

APPENDIX A 

A Relation Between Returns  t o  Scale at the  P l a n t  Level 
a n d  at the  Firm Level f o r  a n  Electric Utility 

Elasticity of Output with Repect tos - 

Consider a firm that produces xi units in each of n identical plants. If 
plants and demand are uniformly distributed, all plants will produce 
identical outputs, so that the total output produced will be nx, where x is 
the common value. Under these circumstances, a general formula that 
has been developed by electrical engineers to express transmission losses 
[a] reduces to 

Labor 

0.85 

0.64 

0.56 

0.52 

where y is the aggregate loss of power. That is, with uniformly distributed 
demand and identical plants, transmission losses are proportional to the 
square of total output. 

If z is delivered power, we have 

Let c(x) be the cost of producing x units in one plant. Production costs of 
the nx units are thus nc(x). And let t = T ( n ,  x )  be the cost of maintaining 
a network with n plants, each of which produces x units. We may expect that 

Capital 

1.41 

1.07 

0.94 

0.88 

Fuel 

0.77 

0.59 

0.51 

0.48 
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t increases with x, aT/ax > 0, since larger outputs require more and 
heavier wires and more and larger transformers. However, t may or may 
not increase with n. I t  is likely to decrease with n if the expense of operating 
and maintaining long transmission lines is large relative to the cost of a 
number of short lines, and likely to increase if the converse is true. 

The total cost of delivering an amount z of power r ( z )  is the sum of 
production costs of a larger amount of power and transmission costs: 

Suppose that the firm chooses the number and size of its plants in order 
to minimize r ( z )  for any given x. The values of n and x that minimize r(x) 
subject to (A.2) are given by solving 

(-4.5) 
aT 

nc'(x) + - - d' = 0 ,  
ax 

( A 4  I - (ns - bnaxa) = 13, 

where 
p = 1 - 2bnx 

The degree of returns to scale at the plant level, p(x), may be defined as 
the reciprocal of the elasticity of production costs with respect to output: 

I t  follows from (A.4), (A.5), and (A.8) that 

(A.9) 

where 

Since nx, t and c'(x) are positive, it follows that returns to scale are greater 
or less than one, according to whether the elasticity of transmission costs 
with respect to output exceeds or falls short of the elasticity with respect to 
number of plants. If transmission costs decrease with a larger number of 
plants, then under the particular assumptions made here, the firm will 
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operate plants in the region of increasing returns to scale. I t  may nonetheless 
operate as a whole in the region of decreasing returns to scale. 

Let P(z) be the degree of returns to scale for the firm as a whole when i t  
delivers a supply of z units to its customers: 

It is well known that the Lagrangian multiplier h is equal to marginal 
cost; hence, from (AS), 

Substituting for P ( z )  from (A.11), p from (A.7), and r (z )  from (A.3), 
we obtain the following expression for P(z): 

By definition, 

hence 

Neglecting the last term in the product on the right-hand side of (A.13) 
for the moment, we see that returns to scale at the firm level will typically 
be less than at the plant level, solely because of transmission losses; how 
much less depends on the ratio of losses to the quantity of power actually 
delivered. The final term in the product is a more complicated matter: 
If there are increasing returns to scale and if the costs of transmission 
increase rapidly with the average load (i.e., e, > I), then it is clear that the 
tendency toward diminishing returns at the level of the individual firm 
will be reinforced. It is perfectly possible under these circumstances that 
firms will operate individual plants in the range of increasing returns to 
scale and yet, considered as a unit, he well within the range of decreasing 
returns to scale. 

Although this argument rests on a number of extreme simplifying 
assumptions, it nonetheless may provide an explanation for the divergent 
views and findings concerning the nature of returns to scale in electricity 
supply. Davidson [3] and Houthakker [9], for example, hold that there are 
diminishing returns to scale, while much of the empirical evidence and 
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many other writers support the contrary view. The  existing empirical 
evidence, however, refers to individual plants, not firms, and many writers 
in the public-utility field may have plants rather than firms in mind. 

APPENDIX B 

T h e  D a t a  Used i n  t h e  Statist ical  Analyses 

Estimation of equation (7) from cross-section data on individual firms 
in the electric power industry requires that we obtain data on production 
costs, total physical output, and the prices paid for fuel, capital, and labor. 
Data on various categories of cost are relatively easy to come by, although 
there are difficulties in deriving an appropriate measure of capital costs. 
Price data are more difficult to come by, in general, and conceptual as well 
as practical difficulties are involved in formulating an appropriate measure 
of the "price" of capital. Such problems are, in fact, the raisons $&re for 
Model B, which permits us to ignore capital prices altogether. 

A cross section of 145 firms in 44 states in the year 1955 was used in the 
analyses. The firms used in the analysis are listed in Appendix C. Sdlection 
of firms was made primarily on the basis of data availability. The various 
series used in the analyses were derived as follows. 

B.1. Product ion Costs 

Data on expenditures for labor and fuel used in steam plants for 
electric power generation are available by firm in [6], but the capital costs of 
production had to be estimated. This was done by taking interest and 
depreciation charges on the firm's entire production plant and multiplying 
by the ratio of the value of steam plant to total plant as carried on the 
firm's books. Among the shortcomings of this approach, three are worthy of 
special note: 

(a) For many well-known reasons, depreciation and interest charges 
do not reflect capital costs as defined in some economically meaningful way. 
Furthermore, deprec~ation practices vary from firm to firm (there are about 
four basic methods in use by electric utilities), and such variation intro- 
duces a noncomparability of unknown extent. 

(b) The  method of allocation used to derive our series assumes that 
steam and hydraulic plants depreciate at the same rate, which is clearly 
not the case. 

(c) Because of their dependence on past prices of utility plant, the use of 
depreciation and interest charges raises serious questions about the relevant 
measure of the price of capital. The use of a current figure is clearly inappro- 
priate, but unless we are prepared to introduce the same magnitude on both 
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sides of the equation, it is difficult to see how else the problem can be 
handled. 

B.2. Outpu t  

Total output produced by steam plant in kilowatt hours during the 
entire year 1955 may be obtained from [6]. This was the series used, despite 
the fact that the peak load aspect of output is thereby neglected. Since the 
distribution of output among residential, commercial, and industrial users 
varies from firm to firm, characteristics of the peak will also vary and this 
in turn will affect our estimate of returns to scale if correlated with the level 
of output. 

B.3. Wage Rates 

At the time this study was undertaken, I was unaware of the existence 
of data on payroll and employment by plant contained in [5]; hence, 
inferior information was used to obtain this series. Average hourly earnings 
of utility workers (including gas and transportation) were available for 
19 states from Bureau of Labor Statistics files. A mail survey was made of 
the State Unemployment Compensation Commissions in the remaining 
29 states. All replied, but only ten were able to supply data. A regression of 
the average hourly earnings of utility workers on those for all manu- 
facturing was used to estimate the former for states for which it was 
unavailable. The resulting state figures were then associated with utilities 
having the bulk of their operations in each state. In  only one case, Northern 
States Power, were operations so evenly divided among several states that 
the procedure could not be applied. In  this case an average of the Minnesota 
and Wisconsin rates was employed. 

B.4. Pr ice  of Capi ta l  

As indicated, many practical and conceptual difficulties were associated 
with this series. Be that as it may, what was done was as follows: First, an 
estimate of the current long-term rate at which the firm could borrow 
was obtained by taking the current yield on the firm's most recently 
issued long-term bonds (obtained from Moody's Investment Manual). 
These were mainly 30-year obligations, and in all cases had 20 or more 
years to maturity. This rate was in turn multiplied by the Handy-Whitman 
Index of Electric Utility Construction Costs for the region in which the 
firm had the bulk of its operations [4, p. 691. Two shortcomings worth 
special mention are: 

(a) The neglect of the possibility of equity financing by the method. 
(b) The fact that the Handy-Whitman Index includes the construction 

costs of hydraulic installations. 
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